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Abstract
In this paper, we classify 4-dimensional minimal CR submanifolds M of the nearly Kähler 6-sphere S6(1) which satisfy Chen’s
equality, i.e. δM = 152 , where δM(p) = τ (p) − infK(p) for every p ∈ M .
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1. Introduction
Submanifolds of the nearly Kähler 6-sphere S6(1) have been an active field of research and many interesting
properties of these submanifolds have already been described (see for example [5,7,8]).
Considering R7 as the imaginary Cayley numbers, it is possible to introduce a vector cross product × on R7, which
induces an almost complex structure J on the standard unit sphere S6 in R7. From a variational point of view it is
shown by E. Calabi and H. Gluck (see [3]), that this is the best almost complex structure on S6(1).
Traditionally studied were almost complex submanifolds and totally real submanifolds. These are submanifolds
for which either the tangent space is preserved or is mapped into the corresponding normal space by J . A natural
generalization of this is the notion of CR submanifold as introduced by A. Bejancu in [1].
A submanifold M of S6 is called a CR submanifold if there exists a C∞-differential J invariant distribution  :x →
x ⊂ TxM on M (i.e., J = ), such that its orthogonal complement ⊥ in T (M) is totally real (J⊥ ⊆ T ⊥(M)),
where T ⊥(M) is the normal bundle over M in S6.
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that there exists no 4-dimensional almost complex submanifolds of S6. Hence, a 4-dimensional CR submanifold is
automatically proper, i.e. neither  nor ⊥ are zero-dimensional. CR submanifolds have been previously studied
amongst others by K. Mashimo, H. Hashimoto and K. Sekigawa (see [12] and [11]).
Here, we want, in particular to investigate such submanifolds in relation to the basic inequality, discovered by B.Y.
Chen in [4] for submanifolds of a real space form. This inequality relates a basic intrinsic invariant constructed using
the sectional curvatures, with the main extrinsic invariant (length of the mean curvature vector). For a 4-dimensional
submanifold M of the sphere S6 with mean curvature H this inequality reduces to
(1)δM  163 H
2 + 15
2
,
where δM is the Riemannian invariant given by δM(p) = τ(p) − infK(p), where τ = ∑i<j K(ei ∧ ej ) and{e1, . . . , en} is an orthonormal basis of the tangent space TpM , and infK at the point p is the infimum of the sectional
curvature K(π) of planes π in TpM .
For submanifolds which satisfy the equality case of this inequality, i.e. δM = 163 H 2 + 152 , we say that they satisfy
Chen’s basic equality (we refer the reader to [6]). For such submanifolds there is a canonical 2-dimensional distribution
defined by
(2)D(p) = {X ∈ TpM | 3h(X,Y ) = 4〈X,Y 〉H,∀Y ∈ TpM},
where h is the second fundamental form of M in S6. The distribution D is completely integrable if the dimension of
D(p) is constant, see also [4].
In this paper we study 4-dimensional minimal CR submanifolds M of S6(1) which satisfy Chen’s equality and we
prove the following
Main Theorem. Let M be a 4-dimensional minimal CR submanifold in S6 which satisfies Chen’s equality. Then M
is locally congruent with the immersion
f (x1, x2, x3, x4) = (cosx4 cosx1 cosx2 cosx3, sinx4 sinx1 cosx2 cosx3,
sin 2x4 sinx3 cosx2 + cos 2x4 sinx2,0, sinx4 cosx1 cosx2 cosx3,
(3)cosx4 sinx1 cosx2 cosx3, cos 2x4 sinx3 cosx2 − sin 2x4 sinx2).
2. Preliminaries
Let S6 be the 6-dimensional unit sphere. The multiplication of the Cayley numbersO can be used to define a vector
cross product × on the purely imaginary Cayley numbers R7 using the formula
(4)u × v = 1
2
(uv − vu).
Then the standard inner product on R7 is given by
(5)(u, v) = −1
2
(uv + vu)
and it is also elementary [10] to show that
(6)u × (v × w) + (u × v) × w = 2(u,w)v − (u, v)w − (w,v)u,
and that the triple scalar product (u× v,w) is skew symmetric in u,v,w. We identify the set of pure imaginary octo-
nions ImO with R7. If we denote by e1, . . . , e7 the orthonormal basis of the space R7 then the table of multiplication
ei × ej is given by:
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e1 0 e3 −e2 e5 −e4 −e7 e6
e2 −e3 0 e1 e6 e7 −e4 −e5
e3 e2 −e1 0 e7 −e6 e5 −e4
e4 −e5 −e6 −e7 0 e1 e2 e3
e5 e4 −e7 e6 −e1 0 −e3 e2
e6 e7 e4 −e5 −e2 e3 0 −e1
e7 −e6 e5 e4 −e3 −e2 e1 0
An orthonormal basis of R7 which satisfies the relations from the previous table is called a G2-basis.
The (1,1) tensor field J defined in the following way:
JxU = x × U
for x ∈ S6(1) and U ∈ TxS6(1) is an almost complex structure. In fact, J is Hermitian and nearly Kähler (see also
in [2]).
Let M be a Riemannian submanifold of M˜ . If we denote by 〈, 〉, D and D˜ metric and Levi-Civita connections on
M and M˜ , respectively, and by D⊥ the corresponding normal connection of the immersion M → M˜ then the formulas
of Gauss and Weingarten are given by
(7)D˜XY = DXY + h(X,Y ),
(8)D˜Xξ = −AξX + D⊥Xξ,
for X,Y ∈ T (M), ξ ∈ T ⊥(M), where h and A are second fundamental form and shape operator, respectively. They
are related by
(9)〈h(X,Y ), ξ 〉= 〈AξX,Y 〉.
Let us denote by ∇, ∇˜ and D the Levi-Civita connections on M,S6 and R7, respectively. Let h and h˜ be second
fundamental forms corresponding to the immersions M → S6 and S6 →R7, respectively. Let p be the position vector
field of the immersion of M into R7. Then the following equations hold
(10)h˜(X,Y ) = −〈X,Y 〉p,
(11)DXp = X,
where X,Y ∈ T (M). Considering (7), (8) and (10) we get for X,Y ∈ T (M) and ξ ∈ T ⊥(M), ξ ∈ T (S6)
(12)DXY = ∇˜XY + h˜(X,Y ) = ∇XY + h(X,Y ) − 〈X,Y 〉p,
(13)DXξ = ∇˜Xξ + h˜(X, ξ) = ∇˜Xξ − 〈X,ξ 〉p = −AξX + ∇⊥Xξ,
where ∇⊥ denotes the normal connection corresponding to the immersion of M into S6. Also, if we denote
(14)(∇h)(X,Y,Z) = ∇⊥Xh(Y,Z) − h(∇XY,Z) − h(Y,∇XZ),
for X,Y,Z ∈ T (M), then the Codazzi equation states that
(15)(∇h)(X,Y,Z) = (∇h)(Y,X,Z).
Also the following lemma holds.
Lemma 1. DX(Y × Z) = DXY × Z + Y × DXZ.
3. 4-dimensional submanifolds of sphere S6
Let M be a 4-dimensional CR submanifold of S6. In [9], A. Gray showed that there are no 4-dimensional almost
complex submanifolds of the sphere S6 and since the dimension of the almost complex distribution has to be even it
follows that the dimension of the almost complex distribution has to be 2. Let {ξ, η} be an orthonormal frame for the
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p × (ξ × η), ξ 〉= 〈(p × η) × ξ + 2〈p, ξ 〉η − 〈p,η〉ξ − 〈ξ, η〉p, ξ 〉= 〈(p × η) × ξ, ξ 〉= 0.
Consequently, J (ξ × η) is orthogonal to ξ and similarly we find that J (ξ × η) is also orthogonal to η.
Therefore, the almost complex distribution is spanned by ξ × η and J (ξ × η). We denote this distribution by U .
Notice that Jξ is orthogonal to ξ and also, as the triple scalar product is skew-symmetric it follows
〈Jξ, η〉 = 〈p × ξ, η〉 = 〈ξ × η,p〉 = 0,
which implies that Jξ, Jη ∈ T (M). It is easy to conclude that the distribution spanned by Jξ and Jη is orthogonal
to U and totally real. We will denote this distribution by U⊥.
Note that ξ × η remains invariant under rotations in the normal bundle.
Also, it is clear that the basis {p, ξ, J ξ, η, Jη, ξ × η,−J (ξ × η)} is a G2-basis. The following lemma is straight-
forward.
Lemma 2. There exist local functions α1, α2, α3, α4 such that
∇⊥ξ×ηξ = α1η, ∇⊥ξ×ηη = −α1ξ, ∇⊥J (ξ×η)ξ = α2η, ∇⊥J (ξ×η)η = −α2ξ,
∇⊥Jξ ξ = α3η, ∇⊥Jξ η = −α3ξ, ∇⊥Jηξ = α4η, ∇⊥Jηη = −α4ξ.
Further, let us denote:
F1 = ξ × η, F2 = J (ξ × η), F3 = Jξ, F4 = Jη.
The vector fields F1, F2, F3, F4 form a local basis of the tangent bundle of the submanifold M . Since the shape
operator is symmetric we may assume that operators Aξ and Aη have the following shape in this basis
Aξ =
⎡
⎢⎣
β1 β2 β3 β4
β2 β5 β6 β7
β3 β6 β8 β9
β4 β7 β9 β10
⎤
⎥⎦ , Aη =
⎡
⎢⎣
γ1 γ2 γ3 γ4
γ2 γ5 γ6 γ7
γ3 γ6 γ8 γ9
γ4 γ7 γ9 γ10
⎤
⎥⎦ ,
where βi, γi are local functions.
It follows immediately from (9) that
h(F1,F1) = β1ξ + γ1η, h(F1,F2) = β2ξ + γ2η, h(F1,F3) = β3ξ + γ3η,
h(F1,F4) = β4ξ + γ4η, h(F2,F2) = β5ξ + γ5η, h(F2,F3) = β6ξ + γ6η,
h(F2,F4) = β7ξ + γ7η, h(F3,F3) = β8ξ + γ8η, h(F3,F4) = β9ξ + γ9η,
(16)h(F4,F4) = β10ξ + γ10η.
Lemma 3. Let αi,βi, γi be the previously defined coefficients. Then we have:
∇F1F1 = (β3 + γ4)F2 − β2F3 − γ2F4, ∇F1F2 = −(β3 + γ4)F1 + β1F3 + γ1F4,
∇F1F3 = β2F1 − β1F2 + α1F4, ∇F1F4 = γ2F1 − γ1F2 − α1F3,
∇F2F1 = (β6 + γ7)F2 − β5F3 − γ5F4, ∇F2F2 = −(β6 + γ7)F1 + β2F3 + γ2F4,
∇F2F3 = β5F1 − β2F2 + (−1 + α2)F4, ∇F2F4 = γ5F1 − γ2F2 − (−1 + α2)F3,
∇F3F1 = (β8 + γ9)F2 − β6F3 − γ6F4, ∇F3F2 = −(β8 + γ9)F1 + β3F3 + (1 + γ3)F4,
∇F3F3 = β6F1 − β3F2 + α3F4, ∇F3F4 = γ6F1 − (1 + γ3)F2 − α3F3,
∇F4F1 = (β9 + γ10)F2 − β7F3 − γ7F4, ∇F4F2 = −(β9 + γ10)F1 + (−1 + β4)F3 + γ4F4,
∇F4F3 = β7F1 − (−1 + β4)F2 + α4F4, ∇F4F4 = γ7F1 − γ4F2 − α4F3,
and
β4 + 1 = γ3, β7 = γ6, β9 = γ8, β10 = γ9.
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∑
i,j,k∈{1,...,4} Γ kijFk where Γ kij +Γ jik =
0. Using (12) and (16) we get
DF1F2 = ∇F1F2 + β2ξ + γ2η
and since F2 = JF1 = p × F1, Lemma 1, (11) and the multiplication table, give
DF1F2 = F1 × F1 + p ×
[∇F1F1 + h(F1,F1) − 〈F1,F1〉p]= −Γ 211F1 − Γ 311ξ − Γ 411η + β1F3 + γ1F4
and therefore
β2 = −Γ 311, γ2 = −Γ 411, β1 = Γ 312, γ1 = Γ 412.
Analogously, the other equations also hold. 
Further, since 〈ξ, Jη〉 = 0, we get
〈DXξ,Jη〉 + 〈ξ,X × η〉 + 〈ξ,p × DXη〉 = 0
implying
−〈AξX,Jη〉 + 〈AηX,Jξ 〉 − 〈X,ξ × η〉 = 0
i.e.
Aη(J ξ) − Aξ(Jη) = ξ × η.
From now on assume that the CR submanifold M is minimal and satisfies Chen’s equality. It is well known that
this implies that the distributionD = {Z ∈ T (M) | h(X,Z) = 0,∀X ∈ T (M)} is 2-dimensional. Now, let V ∈D. Then
〈ξ × η,V 〉 = 〈Aη(J ξ),V 〉− 〈Aξ(Jη),V 〉= 〈η,h(J ξ,V )〉− 〈ξ,h(V,Jη)〉= 0
which means that such vector field V is in the space spanned by F2,F3 and F4.
As D is 2-dimensional, there exists a V1 ∈ D which is orthogonal to F2 (i.e. V1 ∈ L(F3,F4)). We can make a
suitable choice of the basis of T ⊥(M) assuming that
V1 = F3.
Next take V2 ∈D which is orthogonal to V1. Then we can write
V2 = cosφF2 + sinφF4.
In the next two lemmas, we will use the previously constructed frame and we will explore the condition that M
satisfies Chen’s equality in order to obtain information about the components of the shape operator.
Lemma 4. There exists local function t on M such that
β3 = γ3 = β6 = γ6 = β7 = β8 = γ8 = β9 = γ9 = β10 = 0, β4 = −1,
β2 = t, β1 = tβ7 = 0, β5 = −tβ7 = 0, γ2 = −tγ4, γ7 = −tγ10, γ5 = t2γ10,
(17)γ1 = −γ5 − γ10 = −(1 + t2)γ10.
Proof. Taking h(Vi,Fj ) = 0, i ∈ {1,2}, j ∈ {1,2,3,4} we easily get (17) and
cosφβi + sinφβi+2 = 0, cosφγi + sinφγi+2 = 0, i ∈ {2,5},
cosφβj + sinφβj+3 = 0, cosφγj + sinφγj+3 = 0, j ∈ {6,7},
and considering the minimality of the submanifold it follows that
β1 + β5 + β8 + β10 = β1 + β5 = 0, γ1 + γ5 + γ8 + γ10 = γ1 + γ5 + γ10 = 0.
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cosφβ2 − sinφ = 0, cosφγ2 + sinφγ4 = 0,
cosφβ1 − sinφβ7 = 0, cosφγ5 + sinφγ7 = 0,
cosφγ7 + sinφγ10 = 0.
Notice that cosφ = 0. Also, for some function μ we have β1 = μ sinφ and β7 = μ cosφ. Posing now, t = tanφ, we
have
β2 = t, β1 = tβ7, γ2 = −tγ4, γ7 = −tγ10,
γ5 = t2γ10, γ1 = −γ5 − γ10 = −(1 + t2)γ10. 
Lemma 5. The following equations hold:
α3 = 0, α1 = 0, F3(t) + 1 + t2 = 0, F3(γ4) = 0, α2 = 1 − 2t2, α4 = 3t, γ10 = 0,
F1(γ4) = 0, F2(t) = 2tγ4(1 + t2), F2(tγ4) = 3tγ 24 + t (1 − 2t2), F1(t) = 0,
F4(γ4) = 3tγ 24 + 3t, F4(t) = −2γ4(t2 + 1), F2(γ4) = (1 − 2t2)(γ 24 + 1).
Proof. It follows from Codazzi equation (15) for X = Z = F3, Y = F1 that
α3(−ξ + γ4η) = 0.
Similarly, for X = F3, Y = Z = F1 it follows that
α1ξ +
(
F3
(
(1 + t2)γ10
)+ t (1 + t2)γ10)η = 0.
The other relations are obtained in a similar way. 
Using the previous expressions for the connection coefficients, we conclude that
[F1,F2] = −γ4F1, [F1,F3] = tF1,
[F1,F4] = −tγ4F1, [F2,F3] = −tF2 − (2t2 + 1)F4,
[F2,F4] = tγ4F2 + 2(t2 + 1)F3 − γ4F4, [F3,F4] = −3F2 − 3tF4.
In particular, we remark that these vector fields do not define local coordinates. Moreover, by straightforward compu-
tation, using the differential equations of Lemma 5 we verify the following lemma.
Lemma 6. The vector fields
G1 = 1√
1 + t2
√
1 + γ 24
F1, G2 = F3, G3 = 11 + t2 F2 +
t
1 + t2 F4,
G4 = 1
(1 + t2)
√
1 + γ 24
(
3tF2 + 2(1 + t2)γ4F3 − (1 − 2t2)F4
)
satisfy [Gi,Gj ] = 0, for i, j ∈ {1, . . . ,4}. Hence, there exist local coordinates (x1, x2, x3, x4) on M such that
G1 = ∂
∂x1
, G2 = ∂
∂x2
, G3 = ∂
∂x3
, G4 = ∂
∂x4
.
Expressing the frame Fi in terms of the frame Gi we also see that:
F1 =
√
1 + t2
√
1 + γ 24 G1, F2 = −2tγ4G2 + (1 − 2t2)G3 + t
√
1 + γ 24 G4,
(18)F3 = G2, F4 = 2γ4G2 + 3tG3 −
√
1 + γ 2G4.4
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G1(t) = 0, G1(γ4) = 0, G2(t) = −(1 + t2), G2(γ4) = 0,
G3(t) = 0, G3(γ4) = 1 + γ 24 , G4(t) = 0, G4(γ4) = 0.
From the above equations, we now easily deduce that
t = − tanx2, γ4 = tanx3,
if necessary after a translation of coordinates x2 and x3.
Let us now complete the proof of the main theorem.
From (12) and (11) we conclude that
(19)pxixj = ∇ ∂
∂xi
∂
∂xj
+ h
(
∂
∂xi
,
∂
∂xj
)
−
〈
∂
∂xi
,
∂
∂xj
〉
p.
Taking i = j = 2 the last equation reduces to
px2x2 = −p,
giving
p = A(x1, x3, x4) cosx2 + B(x1, x3, x4) sinx2,
for some vectors A and B . Taking i = 1, j = 2 in (19) we get
∂
∂x1
B = 0, i.e. B = B(x3, x4).
Similarly, for i = 2, j = 3 we get
(20)∂
∂x3
B = 0, i.e. B = B(x4).
For i = 2, j = 4 Eq. (19) becomes
(21)∂
∂x4
B = −2 sinx3A − 2 cosx3 ∂
∂x3
A.
Differentiating Eq. (21) with ∂
∂x3
and considering (20) gives
A + ∂
2
∂x3∂x3
A = 0,
implying
(22)A = C(x1, x4) cosx3 + D(x1, x4) sinx3
for some vectors C and D. Now, (21) reduces to
D = −1
2
∂
∂x4
B.
Taking i = 1, j = 1 in (19) we obtain
(23)∂
2
∂x1∂x1
A = cosx3 sinx3 ∂
∂x3
A − cos2 x3A.
From (22) and (23) we obtain
∂2
∂x1∂x1
C = −C,
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(24)C = V (x4) cosx1 + W(x4) sinx1,
for some vectors V and W .
For i = 4, j = 4, by straightforward computation, (19) becomes
cosx2
[
cosx3
(
∂2
∂x4∂x4
cosx1 + ∂
2
∂x4∂x4
W sinx1
)
− 1
2
∂3
∂x4∂x4∂x4
B sinx3
]
+ sinx2 ∂
2
∂x4∂x4
B
(25)
= 3 cosx2 cosx3(V cosx1 + W sinx1) − 4
[
(V cosx1 + W sinx1) cosx3 − 12
∂
∂x4
B sinx3
]
cosx2 − 4B sinx2.
Specially, considering (20) for cosx2 = 0, Eq. (25) gives
(26)∂
2
∂x4∂x4
B + 4B = 0
and then (25) reduces to
(27)∂
2
∂x4∂x4
V cosx1 + ∂
2
∂x4∂x4
W sinx1 = −(V cosx1 + W sinx1).
Also, (26) implies
B = B1 sin 2x4 + B2 cos 2x4,
where B1 and B2 are some constant vectors in R7.
Similarly, taking cosx1 = 0 and sinx1 = 0, we respectively get from (27)
V = V1 sinx4 + V2 cosx4,
W = W1 sinx4 + W2 cosx4,
for constant vectors V1,V2,W1,W2. Since {p, ξ,F3, η,F4,F1,−F2} is a G2 basis we can identify it in a point
(0,0,0,0) with {e1, . . . , e7}. Now, it follows
p(0,0,0,0) = V2 = e1 = (1,0,0,0,0,0,0).
Considering (18) we deduce
F1(0,0,0,0) = G1(0,0,0,0) = W2 = e6 = (0,0,0,0,0,1,0),
F2(0,0,0,0) = G3(0,0,0,0) = B1 = −e7 = (0,0,0,0,0,0,−1),
F3(0,0,0,0) = G2(0,0,0,0) = B2 = e3 = (0,0,1,0,0,0,0),
(28)F4(0,0,0,0) = −G4(0,0,0,0) = −V1 = −e5 = (0,0,0,0,−1,0,0).
To calculate W1 notice that
∂2
∂x1∂x4
p(0,0,0,0) = W1.
Using (19) we get
∂2
∂x1∂x4
p(0,0,0,0) = ξ
giving
W1 = ξ = e2 = (0,1,0,0,0,0,0).
Now, the formula (3) follows directly.
Conversely, straightforward computation shows that this submanifold satisfies the conditions of the theorem.
298 M. Antic´ et al. / Differential Geometry and its Applications 25 (2007) 290–298References
[1] A. Bejancu, Geometry of CR-submanifolds, D. Reidel Publ., Dordrecht, Holland, 1986.
[2] J. Bolton, L. Vrancken, L.M. Woodward, On almost complex curves in the nearly Kaehler 6-sphere, Quart. J. Math. Oxford Ser. (2) 45 (1994)
407–427.
[3] E. Calabi, H. Gluck, What are the best almost complex structures on the 6-sphere, in: Differential Geometry: Geometry in Mathematical
Physics and Related Topics, Amer. Math. Soc., 1993, pp. 99–106.
[4] B.Y. Chen, Some pinching and classification theorems for minimal submanifolds, Archiv. Math. (Basel) 60 (1993) 568–578.
[5] B.Y. Chen, F. Dillen, L. Verstraelen, L. Vrancken, Characterizing a class of totally real submanifolds of S6(1) by their sectional curvatures,
Tôhoku Math. J. 47 (1995) 185–198.
[6] M. Dajczer, L.A. Florit, On Chen’s basic equality, Illinois J. Math. 42 (1998) 97–106.
[7] F. Dillen, L. Vrancken, Totally real submanifolds in S6(1) satisfying Chen’s equality, Trans. Amer. Math. Soc. 348 (1996) 1633–1646.
[8] N. Ejiri, Totally real submanifolds in a 6-sphere, Proc. Amer. Math. Soc. 83 (1981) 759–763.
[9] A. Gray, Almost complex submanifolds of the six-sphere, Proc. Amer. Math. Soc. 20 (1969) 277–279.
[10] R. Harvey, H.B. Lawson, Calibrated geometries, Acta Math. 148 (1982) 47–157.
[11] H. Hashimoto, K. Mashimo, K. Sekigawa, On 4-dimensional CR-submanifolds of a 6-dimensional sphere, in: Minimal Surfaces, Geometric
Analysis and Symplectic Geometry, Advanced Studies in Pure Mathematics 34 (2002) 143–154.
[12] K. Sekigawa, Some CR-submanifolds in a 6-dimensional sphere, Tensor, N.S. 41 (1984) 13–20.
